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ABSTRACT

In this article, the gracefulness of the building graph of level
five is obtained.
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1. INTRODUCTION

Rengel [1964] conjecture mentions that the complete graph
K2n+1 can be decomposed into 2n+1 copies of a given tree
with n edges. Rosa [4] introduced graceful labeling as a tool
to solve the Rengel’s conjecture. A function f is called a
graceful labeling of a graph with m edges, if f is an injection
from the vertex set of G to the set {0, 1, 2, ..., m} such that
when each edge uv is assigned the label |f(u) - f(v)| the
resulting edge labels are distinct.

Rosa introduced graceful graphs and graceful labeling
methods in 1967. The graceful labeling problem is to
determine which graphs are graceful. Golomb [1972] further
studied such labeling. After 1972, several hundreds papers
have been published on graceful labeling methods. Most of
the papers are theoretical. While the graceful labeling of
graphs is assumed to be a theoretical subject, these graphs
serve as models in many areas like coding theory,
communication network, etc. A complete summary of
graceful and non-graceful graphs and the results along with
some unproven conjectures can be found in Gallian’s dynamic
survey of graceful labeling [2008]. The survey reveals that the
gracefulness of several classes of graphs has already been
established. For example, all the paths Pn, all the trees, the
complete graphs Kn for n < 5, all the wheels, etc., are
graceful.

Solairaju et.al. [2008, 2009] proved few results towards even-
edge gracefulness of trees.

2. THE GRACEFULNESS OF THE
BUILDING GRAPH OF LEVEL FIVE

Definition 2.1

Graceful Graph: A function f of a graph G is called a graceful
labeling with m edges, if f is an injection from the vertex set
of G to the set {0, 1, 2, ..., m} such that when each edge uv is
assigned the label | f(u) — f(v) | the resulting edge labels are
distinct. Hence the graph G is graceful.

Definition 2.2

Path: An open walk in which no vertex appears more than
once is called a path. We denote Pn as a path with ‘n’ vertices
wheren > 1.

Definition 2.3
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Circuit: A closed walk in which no vertex (except the initial
and the final vertex) appears more than once is called a

circuit. We denote Cn as a circuit with ‘n’ vertices where n >
1.

Definition 2.4

The Building graph of level five is a connected graph B(n)
defined as in figure 1. Note that the graph contains 5 vertices
from top to down, and a finite number of copies like this.
Main theorem 2.5: The Building graph of level five is
graceful graph.

Proof

Some arbitrary labeling for the vertex set of given building
graph is as follows:
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Figure 1 — Building graph of level five

Define amap f: v(G) — {0,...q} by

Rule 1

fv) =5, i=135

f(vy) = qand f(vy) = (q— 1.
Rule 2

fv)=q-(5),i=6810 and

f(v) == ,i=7,9
Rule 3

(i) nisodd and j= 11,21,31,...,.(5n-4)
(or)nisevenand j=11,21, 31, ..., (5n-9).
(if) nisodd and j=16, 26, 36, ...., (5n-9) (or)

22



nisevenand j=16,286, 36, ...., (5n-4).

Rule 4
()nisodd and j=12,22,32,..., (5n-3) (or)

niseven andj=12, 22, 32,..., (5n-8).

f(v) = f(vy) — [1]—0] 7

(iiynisodd and j=17,27,37,...,(5n-8)

(or)niseven and j=17,27,37, ..., (5n-3).f(v;) = f(vy) +
j

[l 7

Rule 5

() nisodd and j =13, 23, 33,..., (5n-2) (or)

niseven and j=13,23,33,..., (5n-7).

f(v]-) = f(v3) + [11—0] 7
(ii)nisodd and j=18, 28,38, ..., (5n-7) (or)
niseven and j=18, 28,38, ...,.(5n-2) .

f(v]-) = f(vg) — []—] 7

10

Rule 6
(i) nisodd and j=14, 24, 34,....,(5n-1) (or)

niseven and j=14,24,34,...., (5n-6).

(i)nisodd and j=19,29, 39, ...., (5n-6) (or)

niseven and j=19,29,39,....,.(5n-1).

Rule 7
() nisodd and j=15,25,35,...., (5n) (or)

iseven and j =15, 25, 35,...., (5n-5).
(i)nisodd and j=20, 30,40, ..., (5n-5) (or)
niseven and j=20, 30, 40, ..., .(5n).
f(V]) = f(Vlo) - [1]—0] 7

Example 2.6
A building graph B(11) is graceful as in the figure 2
mentioned below.
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Example 2.7: A building graph B(10) is graceful graph as in
the figure 2 mentioned below.
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