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ABSTRACT

The aim of this paper is to study the properties of t-cut set, strong

t-cut set, t-quasi-cut set, strong t-quasi-cut set and € Vg-cut set

of a fuzzy set u. For any intuitionistic fuzzy A =< pa,va >

and o, 8 € [O, 1], we define and study the properties of upper

(o, B) cutset A, gy, strong upper (cv, 3) cut set A(a B): lower
)

(v, B) cut set AP strong lower (v, B) cut set A(a’-ﬁ), up-
per (a, 5)-quasi-cut set A<y g, strong upper (a, [3)-quasi-cut

set A, B> lower (v, 3)-quasi-cut set A<%#> strong lower
)

a, B >

<
(o, B)-quasi-cut set A and € Vg-cut set.
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1. INTRODUCTION

In many complicated situations in real life several types of uncer-
tainties occur, to handle such situation we have theory of Probabil-
ity, theory of Interval Mathematics, Fuzzy set theory, Rough set the-
ory and Vague set theory. Fuzzy set is introduced in [1]] by Zadeh.
The theory of fuzzy set is further generalised to intuitionistic fuzzy
set, interval valued fuzzy set, temporal intuitionistic fuzzy set etc.
The concept of intuitionistic fuzzy set introduced by Atanassov [2]
in 1983. Das [3] introduced the notion of level subset (called cut
set ) of a set. Since then different researcher [4} 5,16} 13}, 7]] have con-
tributed significantly for the development of literatures of cut sets.
In the theory of fuzzy sets, intuitionistic fuzzy sets, interval valued
fuzzy sets, cut sets play very important rule for the development of
the theory. Here in this paper, various types of cut sets in fuzzy sets
and in intuitionistic fuzzy sets are discussed.

2. PRELIMINARIES

DEFINITION 1. ([415]]) A fuzzy set u of the form
i y=2 te(0,]
=10, if y#x
is called a fuzzy point with support x and value t and is denoted by
Tt.

DEFINITION 2. ([4l5]]) A fuzzy point x, is said to belong to
(respectively be quasi coincident with) a fuzzy set | written as x4 €
u (respectively xyqu) if p(x) > t (respectively p(z) +t > 1). If
Ty € W or xiql, then we write x; € Vqu. (Note € Vq means € \Vq
does not hold).

DEFINITION 3. Let X be a set and . be a fuzzy subset of X,
then t-cut set and t-strong cut set of fuzzy set ju are given by
w={z|lzeX and p(x)>1t}and
pr={z|lzeX and p(z)>t}

From the point of view of neighbourhood, we have r € u; <
u(x) >t < x4y € p. Prof.L. Cheng-Zhong [8]introduced a new
concept of strong neighbourhood and he define x € py < p(z) >
to xi€p '

Therefore t-cut set and t-strong cut set of fuzzy set | are given by
pe =A{x |z € p} py =A{x|z€ p}

Quasi neighbourhood play an important rule in fuzzy topology
[T1) [I2]. Now xiqu < p(z) +t > 1 based on quasi neigh-
bourhood, we can defined a new kind of cut set as < p >p=

{z |xqu} Here < p >y is called as t-strong quasi-cut set of

fuzzy set p. Combining both the notion we define another cut set as
(1 = {x |z, € Vqu}. Here [u)4 is called € Vg-cut set.

DEFINITION 4. Let X be a set and . be a fuzzy subset of X,
then t-quasi-cut set and t-strong quasi cut set of fuzzy set p are are
denoted and defined by
<p>={zlzeX px)+t=>1}={z|z.qu}
<p>={z|re X p(x)+t>1}={z|zqu}

DEFINITION 5. ([9 [10]) An intuitionistic fuzzy set (IFS) A
of a BG-algebra X is an object of the form A = {<
z,pa(z),valz) > |z € X}, where pa : X — [0,1] and
va : X — [0,1] with the condition 0 < pa(z) + va(z) <
1,Vx € X. The numbers pa(x) and va(x) denote respectively
the degree of membership and the degree of non-membership of
the element x in set A. For the sake of simplicity, we shall use
the symbol A = (pa,va) for the intuitionistic fuzzy set A = {<



z,pa(z),va(z) > |z € X}. The class of IFSs on a universe X is
denoted by IFS(X).

DEFINITION 6. ([4]) I[f A={< z,pa(z),va(x) > |z € X}
and B = {< z,up(z),ve(x) > |v € X} are any two IFS of a
set X, then
A C Bifand only if for all € X,pa(x) < pgp(z) and
va(2) > v (),

A = B ifand only if for all € X,pua(z) = pp(z) and
va(z) = vp(x),

AN B = {< 2, (1a N pp)(2), (va Up) (@) > |o € X},
where  (pa N pp)(z) = min{pa(x), up(x)} and
(va Uvg)(z) = max{va(z),ve(z)},

AUB ={<z,(paUpgp)(x),(vanuve)(z) > |z e X},

where (pia U i) () max{pa (@), is (@)} and
(va Nvp)(z) = min{va(x),ve(z)}.

sy

—

DEFINITION 7. Let X and Y be two non empty sets
and f X — Y be a mapping. Let i and v be two
fuzzy subsets of X and Y respectively . Then the image of
w under the map f is denoted by f(u) and is defined by

f(u)(y) _ \/{,U,(IE) T € fﬁl(y) 7& Q)}

0 otherwise
also pre image of v under f is denoted by f~'(v) and is defined as

fHW)(@) = v(f(2))); Vo € X

DEFINITION 8. Let X and Y be two non empty sets and
f : X — Y be a mapping. Let A and B be IFS’s of X and Y
respectively . Then the image of A under the map f is denoted by
f(A) and is defined by f(A)(y) = (psca)(y), vsca)(y)), where

Mf(A)(?/) = {\/{MA(x) v e fﬁl(y) 7 CI)} and

0 otherwise

v : -1 P
st = {8l e 09
also pre image of B under f is denoted by f~'(B)
and is defined as ['(B)(x) = (up1(p)Vi1m) =
(up(f(x)),ve(f(z));Vo e X

pa(@) < ppeay(f(z)) and va(z) > vea)(f(z)) Vo € X
however equality hold when the map f is bijective.

DEFINITION 9. [4 5] A fuzzy point x; is said to belong to
(respectively be quasi coincident with) an intuitionistic fuzzy set
A = {< z,pa(z),valz) > |z € X} written as x; € A (re-
spectively x,qA), if pa(x) > t (respectively pua(x) +t > 1) and
va(z) < t(respectivelyva(z) +t < 1). If x; € A or x:qA, then
Ty € \/qA

DEFINITION 10. Let A =< pa,va > be intuitionistic fuzzy
subset of X and t € [0, 1], then t-quasi-cut set, t-strong quasi cut
set and € \Vq cut set. of fuzzy membership set |15 are given by
(1a)e = {z| 20 € pa} = {o | pala) > 1},

(na)t ={z|zicpal = {z|pa(z) > t},

<pa >e=A{z|zgqual = {z|pa(r) +t > 1},

<pa >p=A{z|zqual ={z|pa(z) +t > 1},

(pale =A{z |z € Vaua} = {zlpa(z) = tor pa(z) +t > 1},
where (j14)¢ is called t-cut set of j1a, (11a)¢ is called strong t-cut
set of pa,< pa > is called t-quasi-cut set of pa, < pa >¢ is
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called strong t-quasi-cut set of 4 and [ 4], is called € Vq-cut set
of jua, clearly [pale =< pa > U(pa)e,

and t-quasi-cut set, t-strong quasi cut set and € \/q cut set of fuzzy
non membership set v, are given by

(va)e ={z|z: €va} ={z|va(z) < t},

(va)y ={z|zicva} = {z|valz) <t}

<wva>={z|zqua} ={z|va(z) +t <1},

<wa >p=A{z|ziqua} = {z|va(z) +t <1},

vale ={x |z € Vaua} = {z|va(z) <torva(z) +t < 1},
where (V4 ) is called t-cut set of v, (v o) is called strong t-cut set
of va,< va >y is called t-quasi-cut set of vy, < v >y is called
strong t-quasi-cut set of va and [Vl is called € Vq cut set of v 4,
clearly [valy =< va > U(va):.

DEFINITION 11. Let A =< pa,va > be intuitionistic fuzzy
subset of X and «, B € [0, 1] then we define upper (c, B) cut set
A(a,p) and strong upper (o, 3) cut set A(a 5) of A as

Awp = {z|lre X, pa(r) > a and va(z) < B}
A(Oé,ﬂ) = {zlz e X,pa(z) >a and va(z)< B}

Lower (c, B) cut set AP and strong lower (o, 8) cut set

A(afﬁ) as

AP = frlze X,pa(z) <a & wvalz)>p}

(,B)

A = {zlze X,pa(z) <a & va(z)>p}

DEFINITION 12. Let A =< pa,va > be intuitionistic fuzzy
subset of X and «, 8 € [0, 1] then we define upper (o, 8)-quasi-cut
set Ao, p>, strong upper («, B)-quasi-cut set A, 8> of A as

Acaps = {zlze X, pa(z) +a>1 and va(z)+p <1}

A {z|lze X,palx) +a>1 and va(z)+p <1}

<a,p>

Lower (., B) -quasi-cut set A<*P>, strong lower (v, §)-quasi-cut

<o >
set A Zﬁ as

A<eP> = fplz e X pa(z)+a <1l & wvalz)+B>1}

<a,fB>

A = {z|lzeX,pa(z)+a<l & wvas(z)+p8>1}

DEFINITION 13. Let A =< pa,va > be intuitionistic fuzzy
subset of X and t € [0, 1] then we define (€, € V/q)-t-cut set of A as

Ay = {x|xy € VgA}

= {x|pa(z) > tandva(z) <torpa(z)+t>landva(z)+t <1}



THEOREM 14. If i and X be two fuzzy subset of a set X, then

(D)(LUA)e = (1)e U (Xe) (

(130) < pUA>i=<pu > U< A > (

() U Al = [p]e U [A] (i) U Alp = [l U Mg

(it)(p N A)e = (w)e N (Ae) (viid)(p O A)p =
(
(
(
(

(ix) <pNA>=<p > N<A> (2) <pNA>p=<p >N

zi) [N Al = [1]e N [A]

( id) [ N Al = [ply N [A]g
(z13d) (1e)© =< p >(1—1)
(

ziv) () =< p° >4

wO)llf = (NN <1 >(1 gy @uilul =< >0 UG,

PROOF. (i) We have (i /\)t—{xEX\(pU)\)( ) >t}
Now z € (LUA): & (nUA)(z) =
& maz{p(z), Nx)} >t
< p(x) >torA(z) >t
S xe(p)orx € (Ny)
Therefore (1 U X)), = (u)¢ U (A¢)
(iv)wehave < pUX >;={z € X|(pUX)(z) +t > 1}
Now z €< pUA > (nUN)(z)+t>1
< maz{p(x), Mz)}+t>1
Sp(z)+t>lorNz)+t>1
Srelpu>porr el A>y
Therefore<,LLU)\>t <,u>tU<)\t >
(ix) we have < p N A >p= {z e X|(pNA)(z)+t>1}
Nowz e< pNA > (pNA)(z) +t>1
< min{p(z), \N(z)} +t>1
Sp(z)+t>landA(z)+¢>1
Sreu>y andxr €< Ay >
Therefore < pNA >i=< p >, N < Ay >
(xi)
we have [uNA]y = {z € X|(pNA)(z) > tor (uNX)(x)+t > 1}
Now z € [uN Ay < (uNA)(z) >tor(pNA)(z)+t>1}
< min{p(z), \(z)} > tormin{u(z), A(z)} +t > 1
< plx) >t \z) >torp(z) +t> L, A(z)+t>1
< p(z) >torp(x)+¢t>land A(z) > torA(z) +¢t>1
< x € [plrandx € [N
Therefore [ N AJy = [u]: N [A¢]
(xiii) we have

(1e)® = {z|p(@) +1 > 1}°
{z|p(z) +t <1}
{z|1—p(z) >t}
{z|l—plz)+1-t>1}
{z|p(x)+1—-t>1}
= <H >y

= ()" = <u >y

@) (pUA)g = () U (Mg
w)<uu>\>t <pu>pU<A>y

(1) N (N
<A >t
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(xv) Let

z & [ult
€ Vau

z € [plf

z€p and  zqu

wlx) <t and plz)+t<1

—u(z) > -t and —p(z)—t>-1
1—p(x)>1—-¢t and 1—p(x)—t>0
pé(z)>1—t and p(z)—t>0
pé(z) >1—t and pc(x) >t

z € (u)a-yy and z € (u),

T € (p° )(1 —1) 0 (1)

teseeeeeeee

Hence [1f = (u)en < j° > (1 _

(xvi) Let
z€lule & @€ ul
< Ty € Vqu
& Ty €M O Xiqu
< px)>t or plz)+t>1
Sz e(u): or xES >y
& 1w € (1)< p>y

Hence [p]; =< pt > U(p)¢
O

THEOREM 15. If A C B then

(1) Aa,p) € Ba,p) (1)
(@) Afq,8) S Ba, ) @

PROOF. If A C B then

pa(z) < pp(z)andva(z) > vp(z) ©)

(i) Letx € A(a”g)

= pa(z)>a and va(z)<p
= pp(z)>a and vp(z)<B by(E)
= xc B(Q’B)

Therefore x € A(q,3) = @ € B(a,p)
Hence  A¢a,p) C Bla,p)
d

(i) Same as (i)



THEOREM 16. Let A =< pa,va > be intuitionistic fuzzy
subset of X and «, 8 € [0, 1] then

() (AU B)(a,8) 2 A(a,p) U B(a,p)

(@) (AU B) (4, 5) 2 A(a, ) Y B(a, )
(i4) (AU B)(a,8) 2 A(a,p) N B(a,p)
(Zv)(AUB)(a B) DA( 5)ﬂB(a7ﬁ)
(V)(AN B)(a,p) = A(a,m N Ba,p)
W)(ANB)(a, ) = A, 8) " Bla, )
(i) (A% ap) < (A(g, )"

( )(a ) € (Ap.m)*

(i

(

i) > yand f <0 = Awa,p) C Aey,e)
x)a>’yandﬂ<5:>A(a5)CA< 5)

viii) (A

PROOF. Since A C AU B and B C A U B Therefore by The-
orem[13]
(1) A(aﬁ) - (A ] B)(aﬂ) and B(Q,g) C (A @] B)(aﬁ),and there-
fore
(AU B)(a.5) 2 A(a.p) U Bla.p)
(i) A(a,,@) Q(AUB)(Q ﬂ) andB(a ﬁ) (AUB)(a ﬂ) ,and
therefore
(AU B)(a, 6) 2 Aa,5) Y Ba, )
(vi) We have (A N B)(a,ﬁ) = {z € X|(pa N up)(z) >
a, (vaUvg)(z) < B} .

¢ AN B, )

< (naNpp)(z) > aand (va Uvg)(z) < B

< min{pa(x), up(x)} > a and maz{va(z),ve(z)} < B
S palx) >a,pp(r) >aandva(z) < B,vp(z) < B

< pa(x) > a,va(z) < fand pp(z) > a,vp(z) < B
ST E A(a,ﬁ) and x € B(Oz,ﬂ)

ST € A(Oz,ﬂ) ﬂB(azﬁ)

Therefore (A N B)(a,ﬁ) = A(Ck, ﬁ) N B(a,ﬁ)
(viii) ' ' '
€ (A)a,p)

= va(z) >aand pa(z) < B
= pa(z) < fandva(z) > «
= pa(z) 2 Bandva(z) £ a
=T € (A(Bya))c

€ (Ap.a)°

(ix) Here a > yand 8 < §

Hence (A°) (o, B)

xGA(aﬁ)

= pa(z) > aandvy(z) <

= pa(z) >a>yandva(z) < <6
= pa(z) >vyandvy(z) <0

=T € A(’Yﬁ)
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Hence A(a,5) € A(y,9)
O

THEOREM 17. If A C B then
(z) Ale) D B@.h) @)
G a@® 5 gl )
PROOF. Same as above [

THEOREM 18. Let A =< pa,va > be intuitionistic fuzzy
subset of X and «, B € [0, 1] then

i) (AU B)(@F) = A(*8) o g(eh)

i (a0 5) @B _ 48 | ple8)

iii) (AN B)(®#) o Al@h) y Ble:H)

’L’U) (AHB)(ayﬁ) ) A(aaﬁ) UB(CYZ/B)

vi) (499 € (aG)e
vit)a > yand B < § = AP D A0H9)

(
(
(
(
(v) (%) @8 ¢ (AP Y)e
(
(
( (0,6) - 1)

vit) > yandB < 6 = A
PROOF. (i) Let

z € (AUB)@P)

< (paUpp)(z) < aand (va Nvp)(r) > B

< maz{pa(z), pp(z)} < aand min{va(z),vg(z)} > B
& pa(z) <a,pp(r) <aandva(z) > B,vp(z) > B

& pa(z) < o,va(z) > Fand pp(z) < o,vp(r) >
sz e AP and z € B*A)

&z e A@H B

Hence (AU B)(Otaﬁ) = Al@B) N Ble,B)

(iii) Let

z e AP | Ble.B)

=>gze AP o ge B@®H

= pa(z)<a and wva(z)>p or
= pa(z)<a or pp(z)<a and
= min{pa(e), pp(2)} < a
= (uaNup)(z) <a and
=z c(AnB)®H

up(z) <a and
va(z) > B or
and  maz{va(z),vp(x)} >
(vaUvp)(z) > 8

Hence A% U B(*8) C (AN B)(«#)

a

THEOREM 19. If A C B then

(7') A<a,,B> c B<a,[3> (6)
(i) Ac azﬁ>gB< a,B > D

PROOF. Same as above [

vp(x) >,

vg(z) > B

B



THEOREM 20. Let A =< pa,va > be intuitionistic fuzzy
subset of X and «, 8 € [0, 1] then
i) (AUB)<ap> 2 A<ap> U Bca g
ZZ)(AUB)<a B> DA<O¢ B>UB<O¢,ﬁ>
i1i) (AN B)<a,p> = A<a,p> N B<a,p>
“’)(AOB)<01 ﬁ>*A<oz ﬂ>mB<a B>
v) (A% <a,p> C (A < B« >)
vi) (A )< a 5 > € (A<B,a>)C

vit)ao > yand B <6 = Acap> 2 Ay 5>
mu)a>’yandﬂ<5:>A<aﬂ>DA<%5>

(
(
(
(
(
(
(vi
(

PROOEF. Since A C AU B and B C A U B Therefore by The-
orem
@) A<a,[3> - (AUB)<a,ﬁ> and B., g> C (AU B)<a,5>,and
therefore
(A U B)<a,/3> 2 A<a,5> ) B<a,[3>
(ii) A<a,ﬁ> - (AUB)<a,B> andB<a75> C (AU

B) a, 8 >-and therefore
(AUB)cq,p>24<a,8>YBca,p>

(iv) We have (AN B) o af>= {z e X|(paNpup)(z)+a>
1,(vaUvp)(z) + B < 1}

E(AﬂB)<a’.5>

< (uanNpp)(z)+a>1land (vaUvp)(z)+8<1
< min{pa(x), up(z)} + a > 1and mazx{va(x),

I/B(x)} +ﬂ < 1
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THEOREM 21. If A C B then
(Z) A<D<,,B> 2 B<a,ﬂ> (8)
(i) A< a, 8> < azﬂ > ©)

PROOF. Same as above [

OB

THEOREM 22. Let A =< pa,va > be intuitionistic fuzzy
subset of X and «, B € [0, 1] then
(7,) (A U B)<a,[3> - A<a,ﬁ> N B<a,/3>

<a,pB> <a,p> <ap>

i) (AU B)
iii) (AN B)<*F> =
<a,fB>

CA NB
A<o¢,ﬁ> U B<o¢,ﬁ>

<a,fB> <a,fB>

=A
<azﬂ>)c

w) (AN B) UB

(
(

(

(0) (A) <7 € (4
(vi) (49 P 7 € (At
(
(

vit)a > yand B < § = A<*P> C
<azﬂ>

A<'y,6>

<7v,0 >

viti) o > yand B < 6= A CA

PROOF. Similar to Theorem 20

O
THEOREM 23. If A C B then A; C By
PROOF. Straightforward. O

THEOREM 24. Let A =< pa,va > be intuitionistic fuzzy
subset of X and t € [0,1], then (AU B); = A; U B,

PROOF. Straightforward. [J

THEOREM 25. Let f : X — Y be a mapping, then

Spalr)+a>Lugr)+a>landva(z)+8< Lvg(z)+8<1

Spalx)+a>lva(x)+B<landug(z)+a>1vp(z)+6<1

<Z>meA<a,_B>andx€B<a,ﬂ>

®$€A<0@5>QB<0¢15>

Therefore(AﬂB)<a7ﬁ> =Acq,f>NBcn 8>
& ) ) )

€A a,8>
Svalz)+a>Tland pa(z)+5<1
Spalz)+p<landvy(z)+a>1
Spalz)+pZlandva(z) +a L1
=T E (A<,3,a>)c

Hence (AC)< o, B> C (Acpa>)”
(vii) Here > v and 8 < §

Let x € A<%5>
= pa(z)+y>1andvy(z)+5<1

=S palr)+a>landva(z)+6<1
=T c A<a’@>

Hence A, 5> C Acap> O

i) f ()  (F(1))e
@) f(ug) © ()

1) f(< p>¢) C< f(p) >
w)f(< p >t) C< f(p) >

o) flule) € [F ()¢

vi) flule) S [f (1))
vid) [ () = (F7H (1)
vidd) {4 () = (F71 (1)

i) U< ) =< fH(p) >
o) fH< > =< () >
i) f 7 [ule) = [ (W]
aid) f ) = [F (W)

PROOF. (i) Let y € f(u¢) be any element, then there exists
x € g such that f(z) =y and p(z) >t
= V{wz):ze f(y)} >t
= f(u)(f)(x)) >t

o~ o T TS ST

(f (1)

< (f(u
@iv) Lety € f < m > be any element, then there exists z € 1t
such that f(z) = y and p(z) + ¢ > 1



=V{ulx):ze fly)}+t>1
= f(W)(f(z)) +1>1
= f(u)(y) +t>1

=y €< f(p) >¢
Hence f(< pn>¢) €< f(p) >
(vii) we have

(1) = {z e X|fH(p)(z) >t}
= {reX|pf(z) >t}
= {z e X|f(x) € ue}
=f{zeX|ze f(m)}

= fH ()

Hence f~*(pue) = (f ()¢

(ix) we have

<P > = e X[ @) +t> 1}

={zeX|uf(z)+t>1}
= {z e X|f(z) e<p >}
={reX|zeft<u>}
= < m>)

Hence fH(< py >) =< fHp) > O

THEOREM 26. Let f : X — Y be a mapping, then

(1) f(A@.) € (f(A))(a.5

(@) (Ba,p) = (/7 (B))(ap)
(@) f(A(a, ) © P (o, g)
(m')f*l(B(a ) = (I (B))(q, g)

(FA) )
(5B

iii) f (AP C
(B(“ ﬁ))
(@ B)

xit) f~

w)f(A

(

(

(

(aiii) £ (B )

(U) (A<a [3>) c (f(A

( "(Bea,ps) = (7 (B))<ap>
(vi)f(A <a, ﬂ>) - (f(A))<azﬁ>
(

(

(

(

(

(

(

ziv) f~

) f~H(B <a,ﬁ>) (71(3))<azﬂ>
vid) f(A<*P>) C (f(A))<>P>

(B<a,8>)
A< B>

(F (B>

<a,f>

zvi) f~

viii) (A< %577 ¢ (sa)
woii) (850 7) = (11 = I

ir) f(As) C
Y(By) =

(f(A)y, VA€IFS(X)

zviit) f~ (fY(B)):, VBeIFS(X)

PROOF. (v) Lety € f(A<q, 5> ) be any element, then there ex-

ists € Acq p> such that f(x) = y and pa(z) + o > 1 and

va(z)+p8<1

= V{pa(z) : * € f1(y)} +a > 1 and AM{va(z)
yr+p<1

= pupay(f(@) +a>1land vy (f(z)+ 8 <1

= f()(y) +a>1and f(v)(y) +B<1

-

S
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=y € (f(A)<aps>

Hence f(A<a,p>) € (f(4))<a,p>

(xiv) we have

(fHB))<as> = {z € X |pp1p(x) +a> 1 v (z)+ B8 <1}
={zeX|upf(z)+a>1Lvgf(z)+ <1}

{zr e X|f(z) € Bca,g>}

= {reX|ze f'(Bcp>)}

= fﬁl(B<a,B>)

Y(Bzaps) = (f1(B))<ap> O

3. CUT SET OF CARTESIAN PRODUCT OF
FUZZY SETS AND INTUITIONISTIC FUZZY
SETS

DEFINITION 27. Let ., v be two two fuzzy subsets of X and Y
respectively then their cartesian product of | and v is denoted by
uxvandis defined as px v = {(x,y), (uxv)(z,y) |z € X,y €

Y}, where (1 % v)(,y) = min{u(z), v(y)}

THEOREM 28. Let 1, v be two two fuzzy subsets of X and Y
respectively, then

(1) (e xv)e = () x (¥)e
i) (p x v)p = (n)g x (V)¢

Hence f~

(

(#9) <pXv>=<p > X <v>y
W) <P XV>p=<< > X< V>
' ¢ t ¢
(
(

v) [ x V] = [p]e x [V]e
vi) [ X 1/]1'5 = [/1];6 X [V]t

PROOF. (i) Let (x,y) € (1 X v); be any element

& (pxv)(z,y) =t

& min{u(z),v(y)} >t
& ) 2 tu(y) >t
& z€(uny € W)

<~

(r,y) € (1) X (V)

Hence (u X v)y = (1) X (V)¢

(iii) Let (z,y) €< p X v >; be any element
(xv)(z,y)+t=1
min{pu(x),v(y)} +t>1

pE)+t>1vy)+t>1
reE U >y ESV >y
& (z,y) E<pu > X <V >y

=
=
=
=

Hence < pxv>i=<pu> x<v> 0O

DEFINITION 29. In [10] there are six ways catesian prod-
uct of two IFs are defined, here we use only two ways viz.
x4 and Xs. Let A = (pa,va) and B = (up,vs) be
any two IFSs of X and Y respectively. Then their carte-
sian product A X4 B is defined by (A x,; B)(z,y) =
{< (@,9), ax B (@, ), Vaxymy > z,y € X} where

teaxysy(@y) = min{pa(z), ueW)} viass)(T,y) =
maz{va(x),vs(y)} and their  cartesian  product
A x5 B is defined by (A x5 B)(z,y) = {<

(xay)7/'l’(A><53)(x7y)a”(AXr,B) > z,y € X} where



taxsp)(@,y) = maz{pa(®), uB(Y)} Viaxss) (T, y)

min{va(z),vs(y)}

THEOREM 30. Let A = (pa,va) and B = (up,vg) be any
two IFSs of of X and Y respectively, then

(4) (A X4 B)(a,8) = A(a,p) X4 B(a,p)
(@) (A x4 B) (, ) = A(a, B) ¥+ B(a, B)

ZZZ) (A X4 B)(O‘”ﬁ) C AlesB) X4 B(@.h)

) (A 35 € 4@B) | gl

v) (A X4 B)<a,p> = Aca,p> X1 Bcag>

vi) (A4 Blc g 8> Aca,p>*1Bca >
vii) (A x4 B)<®P> C A<®F> 5 p=f>

<a2,6’> <a,ﬂ>>< <a26>

(
(viii) (A x4 B) CA

(iz) (A X5 B)(a,8) € A(a,8) X5 B(a,p)
(2) (A %5 B)(q, g) € A(a, 8) ¥5 B(a, 8)

. B

(fljl) (A X5 B)<a’6> = A(avﬁ) X5 B(a,B)

(zii) (A x5 B)(azﬁ) _ A(Oézﬁ) . B(O‘Z’B)

(wiii) (A x5 B)<a,p> € A<a,p> X5 Bea,p>

(wiv) (4 x5 B)< o,f> <A< o, f > X5 B a,f >
(I’U) (A X5 B)<a’ﬁ> = A<a,ﬁ> X5 B<a,ﬁ>

( <oyf>_

(

(

<0¢,B>X <a,f>

[E’U’L) (A X5 B) A 5B

Va,B€0,1], with0<a+ <1
PROOF. (i)Let (z,y) € (A x4 B)(qa,p) be any element

BaxaB)(,y) 2 a and  va, (T, y) < B
min{pa(z), up(y)} > o and maz{va(z),ve(y)} < B
pa(x) > a,pp(y) > o and va(z) < B,vp(y) < B
pa(x) > a,va(z) < B and pp(y) > a,vp(y) < B

T e A(aﬁ) and ES B(a,B)

(2,9) € A(a.p) X4 B(a.p)

tsoo e

Hence (A X4 B)(a’g) = A(a”g) X4 B(aﬂ)
(iv) Let (z,y) € (A x4 B)(a’-ﬁ) be any element

)LL(AX4B)($7y) < a and V(AX4B)(x7y) > /8
min{pa(z), pp(y)} <o and maz{va(z),ve(y)} > B

palz) <a,va(z)>pF and pp(y) < a,ve(y) >p
x € A(a’ﬂ) and y € B(a’-ﬂ)
(z,y) € A(a,) X1 Ba,p)

P

pa(z) >a or pp(y) <a and va(z)<pB or vg(y)>p
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Hence (A x4 B)(a’ﬂ) - A(a’ﬂ) X4 B(a’-ﬁ)

(ix)Let (x,y) € (A X5 B)(a,p) be any element

= paxsp) (T, y) > a and  vauge)(z,y) <8
maz{pa(c), pe(y)t = a and min{va(z),ve(y)} < B

pa(x) > ava(z) <B and pp(y) > o,vp(y) < B
S A(aﬁ) and Yy < B(aﬁ)

(2,9) € A(a.p) X5 B(a.p)

Hence (A Xyq B)(a’ﬁ) - A(a,ﬁ) X4 B(a’ﬁ)

R

(xii) Let (z,y) € (A x5 B) @) be any element

Kaxsp) (@, y) <a and vy, p)(z,y) > B
maz{pa(z),us(y)} <a and min{va(z),vs(y)} > B
pa(r) > a,pp(y) <o and wva(z) < B,vp(y) > B
pa(z) <ao,va(z)>pB and wpp(y) <o,vp(y) > B

x € A(a’ﬂ) and y € B(a’ﬂ)

(2,y) € A(a,p) X5 B(ap)

te o000

Hence (A x5 B)(Oé’.ﬁ) — A(azﬂ) s B(a’.ﬂ)
O

4. CONCLUSION

In this paper, we have discussed detail theory of cut sets in fuzzy
sets and in intuitionistic fuzzy sets. It is observed that the papers
[416,13] and [[7] are purely based on cut sets. Now our expectation is
that this work will built foundations for further study of the theory
of cut sets in both fuzzy sets and intuitionistic fuzzy sets. Also,
in our opinion, the definition of various types of cut sets can be
extended to cut sets of interval-valued fuzzy sets and cubic fuzzy
sets.
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