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ABSTRACT

In this paper we solve the MSEIR epidemic model by using
the differential fractional transformation method. Using the
differential Riemann-Liouville and the Caputo fractional
derivative; we study convergent of MSEIR epidemic model;
we use some theorems of fractional to introduce the solution
of MSEIR epidemic Model. Numerical results are provided to
confirm the theoretical result and the efficiency of the
proposed method.
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1. INTRODUCTION

We consider some numerical aspects of the well-known
MSEIR model, and note that this short paper can be viewed
either as a companion of or on its own. The MSEIR model is a
compartmental model for the spread of a disease in a

population of size N (T) , Which is divided into five
epidemiological classes: passive immune newborns M ;

susceptible (non-immune)S ; exposed E ; infective | ; and
resistant (or immune) R.

Nonlinear equations: ordinary differential equations (ODEs)
and partial differential equations (PDEs) are difficult to solve
than linear especially by means of analytic methods.
Traditionally, perturbation and asymptotic techniques are
widely applied to obtain analytic approximations of non-
linear problems in science, engineering, finance and do great
contribution to help us wunderstand many nonlinear
phenomena. However, it is well known that perturbation
methods are strongly dependent upon small/large physical
parameters, and therefore are valid in principle only for
weakly nonlinear problems.

The so-called non-perturbation techniques, such as the
Lyapunov’s artificial small parameter method, the 9-
expansion method, a domain’s decomposition method, and so
on are formally dependent of small/large physical parameters.
But all of these traditional non-perturbation methods cannot
ensure the convergence of solution series: they are in fact only
valid for weakly nonlinear problems, too. (Liao, 2004).

If idon (2009) used Homotopy analysis to the solution of the
steady flow of a viscous incompressible fluid past a fixed
circular cylinder. He calculated drag coefficients at 6th-order
approximation and found to agree reasonably well with
experimental measurements.

Liao (2004), in his paper described the basic ideas and current
developments of the Homotopy analysis method. He also
discussed some open questions and a hypothesis is put
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forward for future studies. Vahdatis (2013) also considered
the spread of a non-fatal disease in a population which is
assumed to have constant size over the period of the epidemic.

The system of differential equations for the numbers in the
epidemiology classes and the population size is [20].
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Using the differential equation for N, eliminating the
differential equation for S by using

m=1—S—e—i—r,b=d+q and ﬂ':ﬂi Hethcote

(2000). Then the differential equations for the MSEIR model
are:

%_“:':(d +q)(E+1 +R)—5M ,

ds

—=—8SIl +5M,

dt At

‘2_'?:,39 —(¢+d +q)E, (1.2)
d—I—gE—( +d +q)l

dt 4 ’

dR

bt (d +q)

With initial condition

M(0) =M,,S(0) =S, E(0) =E,,
1(0)=1,, R(0)=R,.

nd
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such that M +S+E+1+R =1 The parameters

d a4, 7 ﬂ’ o and € are positive real numbers.

Recently great considerations have been made to the models
of FDEs in different area of researches. The most essential
property of these models is their nonlocal property which does
not exist in the integer order differential operators. We mean
by this property that the next state of a model depends not
only upon its current state but also upon all of its historical
states. Now we introduce fractional order into the ODE
model.

D“m=(d +q)(e+i+r)—om,
D“s =—pgsi+om,

D*e = gsi—(e+d +Qq)e, (1.3)
D*i=¢ce—(y+d+Q)i,
D*r=yi—(d+q)r,

1 d™ % f()
C(m-a)dx™ 3 (x —t)* "
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dx "

Df (x) =

a
Definition 2: The Caputo fraction derivative operator — R of

order & s defined in the following form.

1 f™(
j t)

D )=ty ™

0
Where m —1<a<m, mel]

The following theorem that are given below, for proofs and
details see [19]

Theorems of fraction [16, 17]:
Theorem 1:

If f (x)=g(x)xh(x),then
F(K)=GK)+H (k)

Theorem 2:
k Kna1 3 ks
Fl)=3 3 ..
kng=0k,_,=0  k,=0k;=0
Theorem 4:

If f (x)=(X—X,)",then F(k)=5(k —ap)

1

Where ok)= {0
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With initial conditions

M(0) =my, S(0) = 5, E(0) =€, 1(0) =g

RO) =1, (1.4)

D"‘—d

Where dt” is the Caputo fractional derivative?
Because model (1.3) monitors the dynamics of human
populations, all the parameters are assumed to be nonnegative.
Furthermore, it can be shown that all state variables of the

model are nonnegative for all timet 2 0. (See, for instance,
[27,28]).

2. BASIC DEFINITION:

There are several definitions of a fractional derivative of order
& >0.e.g .Riemann-Liouville, Caputo and Generalized
Functions Approach. The most commonly used definitions are
the Riemann-Liouville and Caputo. We give some basic
definitions and properties of the fractional calculus theory
which are used further in this paper.

Definition 1: The Riemann-Liouville fractional derivative

Da
operator R of order & is defined by

m-1l<a<m

(2.1)

a>0 (2.2

If f (x)=g(x)h(x),then
F(k)ziG(l)H(k -1)
1=0

Theorem 3:

If f (x)=0,(x)g,(x)..9,.,(x)g,(x), then

Gl(kl)GZ(kZ _kl)"'Gn—l(kn—l _kn—Z)Gn (kn _kn—l)

if k=0
if k=0
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Theorem 5:

rq+1+k/«a)

If£0) =D [g 0l then F (k) == 27

G(K +aq)

Now let us expand the analytic and continuous function f (X) To transform the initial condition to functions, we use the

in terms of fractional power series as follows: relation:-
_ 2 _Kla 23
f(x)= T F(K)x-x0) (2.3)
K=0
. 1 [aKler (x)
if KlaeZ™, ] , K=01.2.....(aq-1),
F(K)= (Kla)| gxK/la (2.4)

f Klagz™, 0.

Where i the order of fractional differential considered?

3. IMPROVEMENT CONVERGENT Equation (1.3) can be taking the form.
OF MSEIR EPIDEMIC MODEL.:

DAm—-(d +qg)(e+i+r)+om=20
D*s —fsi+om =0
De—pgsi+(e+d+q)e=0
Dii—ce+(y+d+q)i=0

(3.1)

Dfr—yi+(d+qg)r=0

Then by using formula in the [18] then
\ (o) Y () \ (o)
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D m_Ga,kZa)j [mn—jﬂ_mn—j:"D S_O-a,kzwj |:Sn—j+l_sn—j]’D e_aa,kzwj I:en—j+l_en—j:|
j=1 j=1 j=1

n n
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So by substitute in equation (1-1) we have got
n () [
a .
T D O m —mn_j]—(d +q)(e,+i +r)+om =0
j=1
n () [
a .
Cor 2] S, 11— Sy |+ B,y —OM, =0
j=1

n —
O-a,kza)}a) _en—j+l _en—j :| _IBSnIn + (8 +d+ Q)en =0 (3 2)
j=1 .

n —
O'a’kZa)E“) In_j+1—|n_j]—gen+(7/+d +q)i, =0
=1

n
() [ : _
Gk 20 =1 |-y, +(d+a)r, =0
j=1
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. J.J J =0 Using (1.3) with initial condition
By putting n=1, 2,..., n, we proved that ~ 1’ ~2'"""""n m(0)=0,s(0):O,e(0)=0,i(0)=1and I’(O)=0
This means that MSEIR epidemic model is uniformly 4.2)
convergent By using theorem of differential fractional transformation
4. SOLUTION OF MESIR EPIDEMIC method (th2) and (th5) we have got the following equations.
MODEL.:
(e, k+1)
M(K+1)=——1——1(d+q)[E(K) + I(K) + R(K)|-oM (K
(K = G o (O OLECD+ )+ REO]- oM (K)]
I'(a, k+1) K
S(K+1l)=———"2 "7 S(KY K= +6M (K
(K+1) F(az(k+1)+1){ A2 S(K)(K=D)+ oM )}
(e, k+1) K
E(K+])=—"2—~"_ S(IKYIIK=-D—=(e+d +q)E(K 4.2
(K +1) F(ag(kﬂ)ﬂ){ﬂ; (K)H(K =)~ (e +d +0) E( )} 4.2
(e, k+1)
(K+1)=—"2"" IcE(K)-(y+d+q) (K
(K+1) F(a4(k+1)+1){8 (K)=(» q) I(K)}
(o k+1)

R(K+1) = {7I(K)—(d +q)R(K)}

I'(og(k+1) +1)

Also we use equation (3-2) to transform the initial condition.
So we have got the following relation.

M (K) =0 for K=12,..,a,8 -1
S(K)=0 for K=0,12,....,,5, -1
E(K)=0 for K=0,12,...,a,6,-1
(K) 3P 43)
I(K)=1 for K=0
I(K)=0 for K=12,...,0,06,-1
R(K)=0 for K=0,1,2,....,.5, -1
Therefore we take the value of We put k=0,1,2,3,..., substituted in equations (4.2), (4.3), and
substituted in equation (2.3), So we have got the following

= = = = =1
GQ=0 =0 =0=0 to obtain the exact result
solution for MSEIR Model.

m(t)=(d +q)t —;{(d )45 +q)}t2 +é{2(d 4)(r+d +0) 242 1) 240)+2(d +9) 2 2r+o) 3 .
s (t):;d(dJrq)t 2+é§{(d +0)2+(d +q)(ﬁ+5)}t3+...

e(t):ééﬂ(d )t

i()=1-(7+d +q)t+;(;/+d )t 2—(13(;/+d )33+

1 1
()= —2{y2+2y(d +q)}t2 +6{7(7+d +0)2+(d +q)r2+27(d+q)2 13 4.

Obviously table 1:

N

M(K) S(K) E(K) 1(K) R(K)

0 0 0 0 1 0
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1 d+q) 0 ~(y+d +q) y
2| —2{(d+q)°+o(d +q)} 25(d+q) 2(y+d +q)° —2{72+2y(d +q)}
2(d +q)(y+d +9)° +2(d +9) 65{(0' +9)° + } 655(d +q) 6{y(}/+d+q)2+ }
3 q —6 d : 2 2
(2 +0)+2(d +0)'(27 +9) } @+a)s+3) (r+0+0) | 7|g+q) 2049

5. NUMERICAL SOLUTION:

Also we can use fractional to obtain the solution of MSETR
MODEL for fractional value.

O, 0nOny O 4, O
Let us take the value of 1" 2" 73"74"75 equal too 0.9
we will have got.

We put k=0, 1, 2, 3, substituted in equations (4.2), (4.3), and
substituted in equation (2.3), So we have got the following

result

(d+q) 1 2 2 2 2 2 3
m(t) = t- d+q) +o(d+0q)it° + d+q)(y+d+q)° +(d+ +0)+(d+q)° (27 +6)it° +...
e TR R I vt R AL R G (G RCRUR A
1 1 2
s(t)= S(d+q)t2+ 5{d+ +(d+q)(5+0 }t3+...
(t) F28110) (d+q) F@70) (d+q)~+(d+q)(8+9)
t) = SB(d +q)t® +...
e '(37/10) A +a)t+
: (y+d+q) 242 3,3
t)=1— t d t? - d 4.
O =1""Fton0) " Taei U T TrEmg Ot
b4 2 2 1 2 2 2)+3
t) = t— 2y(d d d 2y(d t
"0 = oo s @O g s sd s 2 @0
Obviously table 2:
K M(K) S(K) E(K) I(K) R(K)
0 0 0 0 1 0
1 (d +q) 0 0 _(y+d+q) /4
" (19110) '(19110) I'(29110)
2 _F(281/10){(d+q)2+5‘ #5(0'“1) 0 rsi) VY _r(28/1o){y2+27(d+q)}
I(28/10)
1 @+a)y+d+a)2+ L (e brde?
) +0)°+ ) B 3 1 |rredote
3| T@E7I0) ES:;(;( ;fg T(37/10) {(d+q)(ﬂ+5)} a7 P rarig T F(37/10){(d+q)y2+2y(d+q)2}
Y
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Figurel: (By using scientific work place programing) the behavior of the approximate solution ( M (t )’ S (t )’ E (t )’ I (t)

and R (t)) respectively, at

6. CONCLUSIONS

In this research has been to provide some definitions, which
helped in solving the model sir through which study the effect
of the vaccine on diseases such as Aids Caputo definition of
fractional calculus, as well as the definition of the Riemann-
Liouville. Was also provided some scientific theories in ways
to solve differential equations which fractional contributed
significantly in solving the model sports sir., And also was the
solution when fractional values to give an approximate
solution for this model.
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