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ABSTRACT

The decomposition of curvature tensor field was studied by K.
Takano[1]. The decomposability of curvature tensor in Finsler
manifold was studied by Pandey[2]. The purpose of the
present chapter is to decompose the Projective curvature
tensor in recurrent Finsler space and study the properties of
conformal decomposition tensor.
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1. INTRODUCTION

We considered an n-dimensional Finsler space F, in which the
projective curvature tensor, projective tensor field and
deviation tensor field are defined by Rund[3]
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The following relations which will be used in our discussion
follow from (1.1)(a) and (1.2)(b)

a) Wit/ = Wi,
(1.3) b) Wik =W},
c) Wixh=o.

The deviation tensor W is homogeneous of second degree in
its directional arguments. The Projective tensor j‘}c is skew-
symmetric in its lower indices and projectively homogeneous
of degree one in their directional arguments and the projective
curvature tensor Wj‘jm is skew-symmetric in its indices k and
h and is positively homogeneous of degree zero in its
directional arguments.
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Sinha and Singh[4] have defined that an F, is called
Projective recurrent of the first order if the Berwald’s
covariant derivative of the projective curvature tensor satisfies

(1.4) M/jl;ch(l) = Vlel}ch'

Where V; is a recurrent vector field. The space equipped with
such recurrent vector field and projective curvature tensor is
called recurrent Finsler space.

Transvecting (1.4) successively by %/ and x* and therefore
using (1.3)(a) and (1.3)(b), we get

(15)  Winawy = ViWin,
(16)  Wiqy = ViWy,

In view of (1.5) and (1.6). We observe that projective
deviation tensor W\ and the Projective tensor Wy, are
recurrent.

The projective curvature tensor satisfied the identity by
Kumar, Shukla and Tripathi[7]:

A7) Wina + Wiy + Watjgo = 0

Sinha and Singh [5] have also defined that an F, is called
projective recurrent of second order, If the Weyl’s projective
curvature tensor satisfies

18)  Winwom = UmWkn,

whereU;,,, is a recurrence tensor. Transvecting (1.8)
successively by %7/and x*, we get

(1.9) Wkih(l)(m) = Ulkaih'
and
(1.10) Wy (yimy = UnnWi-

Accordingly, we can state that Projective deviation tensor and
projective tensor satisfies the second order recurrent
condition, if so is Weyl’s curvature tensor.
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The recurrent curvature tensor Hj,, satisfies the relation Sinha
and Singh[6]:

(1.11) Hjikh(l) = VlHjikh

Where V; is recurrence vector. Transvecting (1.12)
successively by %7 and x* and, we get

(1.12) Hlih(l) = VlHIich
and

(1.13) Hiiz(l) = Vleiu

The curvature tensor field of second order satisfies the
relations Sinha and Singh[6]:

(1.14)  Hienayomy = KimHns

where Ky, =V +Viemy is  the  recurrence tensor.
Transvecting successively by x%/and x*, we have

(1.15) Hlih(l)(m) = KlmHlich'
and
(1.16) H}yomy = KimH,

2. DECOMPOSITION OF PROJECTIVE
CURVATURE TENSOR IN RECURRENT
FINSLER SPACE (WR — F,,)

Let us consider the projective curvature tensor j’}(h in the
form

(2.1) jl}ch = inBkh:

wherein is non zero tensor and By, is skew symmetric
decomposition tensor.

The space equipped with such decomposition of projective
curvature tensor with recurrent Finsler space is called
decomposition of Projective curvature tensor in recurrent
Finsler space and we denote it by WR — F,.

Differentiating (2.1) covariantly with respect to x! in the
sense of Berwald’s, we get

(2.2) VVjL;ch(l) = Y]i(z)Bm + BinyY)

Using the equation (1.4), (2.1) in (2.2), we get

(2.3) W@y = Bl Ben + Ban¥)
Where
(2.4) in(z) = B}

From equation (2.1) and equation (2.3), we get
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(2.5) Bkh(l) = (Vy = B)Bgn.

Let us assume that (V; # f8;) then the equation (2.5) may be
written as

(2.6) Brn@y = v1Brns

wherey, = (V, — B)) .

Conversely,

If the above equation (2.6) is true then (2.3) yield

(2.7) ViBin = (Bi+ v1)Bin

Accordingly, we have the

Theorem 2.1: In WR — E,, the necessary and sufficient
condition for the decomposition tensor By, to be recurrent is

that the recurrent vector V; is not equal to recurrent vector f3;.

Let us assume that the vector V; is equal to recurrent vector 3,
such that

(2.8) V=B

In view of equation (2.8), equation (2.6) immediately reduces
to

(29) Bkh(l) =0.
Using equation (2.9) in (2.3), we have

(2.10) ngch(z) = in(l)Bkh

or le}ch(z) = BY/Bin

Adding the expressions obtained by cyclic change of (2.10)
with respect to the indices k, hand [, we have

(2.11) Wiieny + Winaao + Wi

= Y}i(ﬁLBkh + BiBri + BrBu).
In view of (1.4) equation (2.11) reduces to
(2.13) Y} (BiBin + BiBni + BrnBu) = 0.
Since Y is non zero tensor, it implies
(2.13) BiBkn + BxBni + BrBu = 0
or ViByn + ViBp + VB = 0
Accordingly state:
Theorem 2.2: In WR — F,, under the decomposition (2.1), if

the vector V; is equal to §3;, the decomposition tensor satisfies
the following identity (2.13).

Differentiating (2.10) covariantly with respect to x™ in the
sense of Berwald’s and using (2.9), we get
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(2.14) M/jich(l)(m) = :Bl(m)Y]inh + B Y]i(m)Bkh

In view of (2.4) the above equation may be written as
(2.15)  Win@yomy = Bimy + BiBm) Y/ Bin,

Using equation (1.10) and (2.1), we get

(2.16) U Y/ Bien = (Bigm) + BiBm)Y} Bins

From (2.15) and (2.16), we have

(217)  Um = (Bigm) + BiBm)

Thus we conclude that

Theorem 2.3 In WR — F,, under the decomposition (2.1), if
the vector V; is equal to B; for which recurrence vector field
p, satisfies the condition Sy + B1Bm # 0.

Interchanging the indices [ and m in (2.15) and subtracting the
equation thus obtained to (2.15), we have

218) Wi ~ Winam
= (U — U DY} BxnBn-
or
Wienwm = Wienamw = (Biom) = Bm)Yf Ben-
Accordingly we state:

Corollary 2.1: In WR — E,, Under the decomposition (2.1) if
the vector V; is equal to f3;, the projective curvature tensor
satisfies the following identity (2.18).

Differentiating (2.6) covariantly with respect to x™ in the
sense of Berwald’s, we get

(2.19) Bin@yem) = Y1am)Bikn + V1Brn(m)
= (Vigmy = Bigm) ) Bien + (Vi — B Brnm)
In view of (2.6), the equation (2.19) may be written as

(220)  Binwym) = (Viamy = Bigmy) Bien + vi(Vi = B)Bien
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or

221)  Binwm) = (Viem) = Bicmy)Bin +
(Vin = Bm) (Vi = B1) By

(2.22)  Brnaym) = Vigm) = Biamy + VWi

—VinbBi = ViBm+Bi1Bm) Bin

Theorem 2.4:In WR — E,, Under the decomposition (2.1), the
second order covariant derivative of decomposition tensor
By, satisfies the relation (2.22).

In view of equation (2.8), equation (2.22) immediately
reduces to

(2.23) Brnwym) =0

Corollary 2.2: WR —F,, the second order covariant
derivative of decomposition tensor By, vanish, If the vector V;
is equal to ;.
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