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ABSTRACT

This paper introduced a new subclass of univalent analytic
functions and derived various properties like coefficient
inequality, distortion theorem, radius of starlikeness and
convexity, Hadamard product, extreme points, closure
theorems for functions belonging to this classwith the help of
fractional differential operator.
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1. INTRODUCTION

Let S;, denote the subclass of functions f(z) of the form
f2)=z-37,a,z" a, =1 (1.1)
which are analytic and univalent in the unit disc

U ={z: |z| < 1} ofanalytic and univalent function

f(z) =z + X7, a,z* of class S.

Letgz)=z-¥7P ,bez" €S,, b, =21(12)
which also analytic and univalent in U

The following definitions which are used for working in the
classes of analytic functions

Definition (i): A function f(z)€e S, is said to be starlike of
ordera, 0< a < 1if

2f(2)
Re(m)m . 2€U (1.3)

Definition (ii): A function f(z)e S, is said to be convex of
ordera, 0< a < 1if

zf" (2)
Re(1+ ﬁ)m, €U (1.4)
Definition (iii):If f(z), g(z) € S} then their Hadamard product
is f(Z)* g(Z) = Z-Z]Ocozz akbkzk € Sk (15)

forf(z)=z- T anz’, g =z — T, byz"
Definations(iv):(Fractional integral operator)

The fractional integral of order o, is defined for a function f(z)
by

— 1
D7°1@) = 155 Jy (Zf_" ff)}_(sdw, §>0 (L6)

where (z) is an analytic function in a simply connected region
of the z-plane containing the origin, and the multiplicity of
(z =)' is removed by requiring log(z — ) to be real
whenz — > 0.

Definations(v):(Fractional derivative operator)
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The fractional derivatives of order a, is defined for a function
f(z) by

Sen—_ 1 d 7z f@)
DIT2) = 1 s Jo sy, 08 <1 1.7)

where (z) is constrained, and the multiplicity of (z — )% is
removed as in definition (iv).

Definations(vi):(Extended fractional derivative operator)

Under the hypothesis of definition (v) The fractional
derivative of order n+ & is defined, for a function f(z), by

Dy*f(z) =< DIf(2) where 0< § < 1;n € N,

Using the above definition Srivastava and owa [2] introduced
the operator

2'f(@) = 2~ N2 DIf(2)

f2)=z- ) ok, a,z*

(1.8)

where
re+1DrE-2
r'k+1-24)

Using the definition ,S.M.Khairnar and Meena More [1]

ok, 1) =

that a function f(z) is in the class S(a, 8, y, 1) if and only if,

_Ql+1f(z) _
e <p
0A+1f(7) 0215 (z)
|2y (Z 22fz) “) - ”(z 22 fz) 1)

for|z| < 1(1.9)
Where0< f<1,2<y<1 ,0<a<;, ;<u<l

In this paper all the investigated results are motivated by
S.M.Khairnar and S.M.Rajas[1],G.Murugusundaramoorthy
And R. Themangani[2], M.Darus [3],

2. COEFFICIENT ESTIMATES
Theoreml.:Letf(z) = z - ¥7_,a,z" €S,.Then f(z)e
S(a, B,y, ) if and only if

0

D=k + 26y = @) = pulk = D] Dk Day

k=2

<28y(1-a) 21

where0< « <§, 0<B < 1,%3;/5 1,
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_Tk+DrE-2
Pk =—Fra3i 1o

The result is sharp for the function

2py(1 —a) k

f@ = 2 = T 28y Ok = @) = Btk = DIo 0D -

Proof: Assume that the inequality (1.9) holds true and
|z| = 1.Then obtain

|20+ f(2) - Q' f(2)|
—B2y{z0"1f(2) - a* f(2)} — n{z0* ' f(2) - D} f (D)}

2(1 — Dk, ) a7t
k=2

<

—-B

2y [(1 —a)z

+ > (@a=k)dk, 1) akzk]
+ ) (k—Dud(k, 1) a,z*

< ) 11—k + 2Byl — @) = fu(k - D] Dk, Day
k=2

<2By(1-a)

by hypothesis. Hence by maximum modulus principle,
f(z)€ S(a. B, v, 1)

Conversely, let f(z)€ S(a, B, v, 1).

Then
| !22+1f(z) _ |
0241 (2)
<B
oM@ Y 0O f(z)
|2Y(Z N2 f(2) a) M(Z N2 f(2) 1)|
ZEU
i e| Tr=2 (=)D (kD) a2 <B
v [A—a)z+5_,(@—k) @ (kN ay 2k [+ Tp_, (k=Dud (kD) az*|
(22)

Since [Ref (2)| < |f(2)| .forallz we have
|Re{ 2 _,(1—k)d(k,V)ayzk }

[2y[A—a)z+E5_, (@—k) P (kD ayz* |+ X5, (k—1Dud (kA )ayz*|
B (2.3)

A+1

Since 2219 s reql and upon clearing the denominator of

0*f(2)
the above expression,we choose the value of z on real axis and
allowing z— 1 through real values.

Y1 = k) (k, ) az*

[2v[(1 — @)z + Ty (@ — D)@k, D) arzK] + Ty (k — Dud (k, 1) 2|
=B

0

D=k +28y(k = ) = Bulk = DI bk, Day
k=2

<2By(1 —a)(2.4)
which obviously is required assertion (2.1)
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Finally, sharpness follows if we take

F2) =z 2py(1—a) Sk
[1—k+2By(k —a) — Bu(k — 1)]®(kd)
, k=234,..2.5)
Corollary: If f(z)€ S(a, B,v, 1) then
2py(1 —a)
aj <
[1—k+2By(k —a) — pu(k — D]@(k, 1)
, k=2,34,...... (2.6)
3. GROWTH AND

DISTORTIONTHEOREM
Theorem?2.: if the function f(z)€ S(e, 8,v, 1) then

l2| 2py(1—a) 22
[1—k + 2870k — @) — Btk — DBk, 2)
<lf @l
< |Z| + Zﬂ]/(l — (1) |Z|2

[1—k+2By(k —a) — Bu(k — D]®(k, 1)
The result is sharp for

2py(1—a) 2

[ @ = 2 = o t—a) = Bt = Do D)

Proof:f(z) =z Y7, a,z*

@<zl + ) alal’
k=2

2py(1 - a)
=l G- o - G- D D
(3.1)
Similarly,

@I =12 = ) aylzl

k=2
> 2| - 2py(1 —a) |22
B [1—k+2py(k —a) — pulk — D]P(k, 1)
32
Combining (3.1) and (3.2) ,we get
2| - 2py(1—a) 122
[1—k+2py(k —a) — Bu(k — D]@(k, 1)
<@l
<ol 2By (1 — @) 122

[1—-k+2By(k —a) — pu(k — D)@k, 1)
Theorem:If the function f(z)€ S(a, 8,7, 1) then
4py(1 —a)

YTk 2Byt - @) — Btk - DI9G, D
121 < |f )
<1+ A I2]

[1-k+2By(k —a) — pu(k — D]k, 1)
The result is sharp for
2py(1 —a) 2
[1-k+2By(k —a) — pu(k — D]@(k, 1)
4. RADIUS OF STARLIKENESS AND

CONVEXITY
Theorem3.:If the function f(z)€ S(a, B,y, 1) then f(z) is a
starlike of order @, 0 < @ < 1in |z| < R where

fl2)=z—
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R )=z 2py(1 - @) "
N -7 =k +2By(k — @) — Bulk — D]@(k, 1)
= ”]if {(1 —olt—k z;fg’l("‘_;;l()k—_ﬂ(g(k — Do, A)}kil Proof: Let f(z)e S(a,B,v, 1) is convex of order 2,0 < a <
1if
The estimate is sharp for the function 2F'(2)
Re |1+ — >
[1—k+2By(k—a) — pu(k — D]k, D)
That is
Proof: By definition (i)
R 4@ >a I
( i ) 2f () <1 (4.5)
f'@) '

That is if |% ~1| < 1-a@)
# which simplifies to

@@, :
—_—| <1- w kle—a)ag|z]*!
@ S < 1¢4)
v k _ 0 k
z Zk:zjkn;w ‘ZZJ;Ek:z L PR By equation (2.6) we have
— Zin=0%n
2By(1—a)
o k o k-1 ap <
—2n=2(k —Dayz < D=2k — Dlagllz| <l-a F=T1—k+ 2By (k — @) — Bu(k — D]o(k,, 1)
Z— Y= azk 1-Yilal |z[*-1 (4.7)

Usingequation(4.6) and (4.7) ,

D = Dlagll" < (- 0) (1 - Z'“k”z'k_1> (1= lL — ke + 26y(k - @) — Btk — DIO(k,2)

=2 =2 |z[F1 < 267 (- k(i —a)
(4.8)
Yi=a(k — a)lallz|*! <
1-a) - Thus|z|] < R
4.2) 1
_inf {(1 —a)[1—k+2By(k —a) — pu(k — D]o(k, /1)}ﬁ
By (2.6), ok 2By(1 — a)k(k — a)
28y(1 — ) 5. EXTREME POINTS
. g)ak < [T—k+ 2870k — @) — Butk = DIo D) Theoremb5.: Let f1(z) = z,
. — 28y (1-a)
fe @ =2 o e a2 then
Using (4.2) and (4.3), f(z)e S(a, B, v, ) iff it can be expressed In the form of
e (L= @1 =k +2y(k = @) = Bl — DIS(k D) f2)e S f.y.10)
2l = 28y(1 - a)(k — a) Proof: Suppose
Thus f(2) = Xi=2 A fi (D)
R = inf (A —k+2fy (k—a)—fy (kD] (k1) ﬁ. k=23, - _ 2y(1—a)
|Z|<(4 2 & 26y A=) (=) } kZZ A (Z [1—k + 2By (k — @) — Bu(k — 1)]o(k, 2) Zk)
Theorem4.: Let f(z)€ S(a, B,v, 1) then f(z) is convex of =2 X2 A [1_k+25},(sz;l)(i,;zgk_l)]q,(k‘n z"(5.1)
order ,0 < a < 1in|z| < R where R Now f(z)e S(a, B,y, i) since
L i [1— k+2By(k — @) — Bu(k — D]®(k,2)
_inf {(1 —a)[1—k+2By(k —a) — pu(k — D]o(k, /’»)}k‘l L 2By(1 — ) '
K 2By (1 — ak(k - a) - 2By (1 - a)

X A
,The estimate is sharp for the function [1—k+2B8y(k —a) — Bu(k — D]k, 1)
=Yi=2 =14 <1
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Conversely, suppose that f(z)e S(a, B,v, 1) then by theorem 2B8y(1—a)
L [1—k+2By(k — a) — Bu(k — D]k, 1)
o 2py(1 - @

“ T —k+2By(k— ) - Bu(k — D]k, 2) _ 9l —k+ 2By (k — a) = fulk = 1)]
Setting TPl -k +2¢y(k —a) — pu(k — 1)]

B [1—k + 2By (k — a) — Bu(k — D)@ (k, 1) Which simplifies to
A = 26y —a) H v
k=12,3,.... 28°y(1-a)(1-k)

i

And 4, =1-Y7_, A, we notice that

==k + 2By — ) — fulk — DPB(k, 1) + 2827 (1 — )k — 1 - 27k — @]

f(z) = Zi=1 M fic (@) 7. CLOSURE THEOREMS
Theorem 7.:Let f; € S(@, 8,7, 1) /i=1,2,uveueernnnnns m then
Hence the result.
6. HADAMARD PRODUCT g(2) = ch f;(2) € S(a, B, v, 1)
j=1

Theorem 6.:Let f(z),9(z)€ S(a, B, v, 1) then
(fx9)(@) =z = Xi, arbyz* € S(a, By, 1)
forf(z)=z-Yy_,arz", g(@) = z — X5, b z*

where g(2) =§:cj <Z—§:akzk)

® j=1
2B*y(1-—a)(1=n)

=T —k + 2By (k— o) — Bl = DPPG(k, ) + 28771 — D[k — 1= 2y (k — )] = -
<503 e
Proof: Let f(z),9(z)€ S(a, B, v, 1) then

O [1— k + 2By (k — ) — Bulk — D]d(k, 2)

kZz 2By (1 - ) o =Z—Z< 1jak,j>z"
£

Where Z]'-“zl g =1and fi(z2) =z— Y7, a,z*.

Proof:

C
<1 6.1 k=2
B (6:1) (7.1)
[1-k+2By(k —a) — puk — D]@(k, 1) -
Z by <1 =z— ) ez
“ 2py(1 - a) k
(6.2)To find smallest number ¢ such that (7.2) k=2
L=kt 20y(k — @) — putk = D19, =
kz_z 20y(1 —a) Gbe =1 where e = Z G
(6.3) =
Since f; € S(a,B,y, 1) by Theorem 1,
By Cauchy Schwarz inequality, ince f (@B.y. 1) by
o [1—k+2By (k—a)—Bu (k—1)]® (k,2) (1 -k + 2By (k — @) — Bulk — 1]k, 1)
D ot Jagh, <1 (6.4) kzz = <1
Thus it is enough to show that (7_.3)
S [1—k + 20y (k — a) — pulk — D]P(k, 1) In view of (7.2),g(z) € S(a, B, v, 1)
20v(1—a) @b o
=, o 5 [1—k+2py(k—a) — putk = DIk D)
[1-k+2By(k — a) — Bu(k — D] (k, 1) 28y(1 — a) bn =
< Z akbk k=2
2py(1-a)
k=2
That is Now
p[1—k+2By (k—a)—pu (k—1)] had _ N _
Jab < g D] (6.5) (1= k+ 2py(k = ) = pulk = Dok D)
2py(1 —a)
k=2
From (6.4)
JaT < 2py(1 - @) _ i [1—k +2By(k — @) — Bulk — D190k, D) i o
k=TT =k + 2By (k — o) — Bulk — DIk, 2) & 2py(1 - a) Ly
(6.6) = /=
Therefore, in view of the (6.5) and (6.6) it is enough to show m I
that _ZC'Z [1—k+2pytk— ) — pulk - Dok, D)
L7 2py(1 —a) I
=1 k=2
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< Z ¢
j=1
using (7.3)
=1.
Therefore g(z) € S(a, B,v, 1)
Theorem 8.: Let f(2),9(z) € S(a, B,v, 1) then

0

h(z) =z — Z(a,% + b,%)zk

k=2
isinS(a, @,v, 1)
where

®
4%y —a)(1 — k)

==k + 2By 0k — ) — Bulk — DIPB(k, 1) + 4%y — )k — 1 - 2y (k — @]

Proof: Let f(z),g(z) € S(a, B,y, 1) and so

i [1—k+2By(k — @) — Buk — D]ek, D]*
& 2611 - i

[1—k+2By(k — a) — Bulk — D]o(k,2)  1°
S[ Zﬁy(l—a) ak] <1
(8.1)
And

i [1—k +2By(k - @) - utk = DIk, D),
4 28y(1 - a) ‘

k=2

- 28y(1—a)
(8.2)

Adding (8.1) and (8.2)

ig [[1 — k+ 2By (k — ) = Bu(k - 1)]¢<k,z)r
“ 2 28y(1—a)

(ag + bE) < 1(83)

I must show that h(z) € S(a, ¢, v, 1), that is

[ee)

Z 1 [[1 — k + 29y (k — a) — pu(k — 1)]®(k,z)r
— 2 20y(1 — a)
(af + b})(8.4)

In view of (8.3) and (8.4) it is enough to show that

IJCA™ : www.ijcaonline.org

2
<[k +2By(k — o) — pulk — D]e(k, D) bk] <1
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[1—Fk+2¢y(k —a) —oulk — )]k, 1)
20y(1 —a)
[1—k+ 2By(k — a) — Bu(k — D]oKk, D]
28y(1 —a)

1
<=
2

which simplifies to

vV S

42y —a)(1 - k)

T 1 -k +2By(k — @) — pulk — D@ (k, D) + 4%y (1 — [k — 1 = 2y (k — )]

8. CONCLUSION

This paper derived the basic properties likecoefficient
inequality, distortion theorem, radius of starlikeness and
convexity, Hadamard product, extreme points, closure
theorems of univalent and analytic functions with negative
coefficient belonging to the classS(a, 8, y, w)with the help of
fractional differential operator which are new result,can be
used in engineering field.
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