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ABSTRACT 

The fractional Hankel transform which is a generalization of 

the Hankel transform has many applications.                                                                        

In this paper we have derived inversion theorem for the 

generalized Fractional Hankel transform so that the transform 

can be used in solving partial differential equations or 

boundary value problems. 
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1. INTRODUCTION 

 Namias [4] introduced the concept of Fourier transform of 

fractional order by the method of eigen values and opened the 

path of defining number of fractional integral transforms.  

Observing the applications of fractional integral transform in 

quantum mechanics [4], optics [2], signal processing [3], 

Hankel transform is also generalized to its fractional version. 

Namias [5] himself had presented the formula for fractional 

Hankel transform as 
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but it is the generalization of the conventional Hankel 

transform, 
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)()()( xdxxyJxfyF v . 

For suitable function f, Zemanian [1] defined the Hankel 

transform of f of Bessel order   by 

  dxxyJxyxfyhf )()())((
0


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  

Motivated by above, in this paper we have extended fractional 

Hankel transform which is the generalization of the Hankel 

transform 


0

)()( dxxyJxyxf  , 

for the parameter   in generalized sense. 

For  =  the fractional Hankel transform reduces to the 

above Hankel transform in [1]. 

         The paper is organized as follows. In section 2 we have 

defined a testing function, section 3 gives the inversion 

theorem with two lemmas, section 4 gives uniqueness 

theorem, section 5 concludes the paper. 

2.   THE TESTING FUNCTION SPACE E 

 An infinitely differentiable complex valued function   on 

nR  belongs to E (
nR ) or E if for each compact set 

K aS , 

Where aS = 0,,  aaxRx n
 , k

nN , 




)()(, xDSup k

Kx
kK  . 

Clearly E is complete and so a Frechet space. 

2.1 The fractional Hankel transform on E ; 

               It is easily seen that for each x
nR and 

0<  2 the function ),( yxK  belongs to E as a 

function of x. 

Hence the fractional Hankel transform of f E  can be 

defined by , 

  ),(),()()()( yxKxfyhyxfh         (2.1.1) 
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 then the right hand side of (2.1) has a meaning as the 

application of  Ef   to ),( yxK .E  

3 INVERSION THEOREM 

 Let )(REf  , 0   and suppf aS where 

 0,,:  aaxRxxSa  and let )(yh  be the 

generalized fractional Hankel transformation of f defined by  

   )()()( yhyxfh  ),(),( yxKxf  . 

Then for each E , we have 
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Proof:-- 

To prove the inversion theorem, we state the following 

lemmas to be used in the sequel. 

Lemma 1:--  

Let   )()()( yhyxfh    for 0<    and 

supp aS for Ex )( , 
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Then for any fixed number r,  0<r<  
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where y=
nCi    and   is restricted to a compact 

subset of R. 

 

Proof:  

The case )(x = 0 is trivial, for )(x 0  it can be easily 

seen that ,),()(
0
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r

  where 

y=
 Cisi  - function of    and it belongs to E. 

Hence the right hand side of (3.1) is meaningful. 

  To prove the equality, we construct the Riemann-sum for 

this integral and write, 
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integral on the right hand side of (3.1). Consider 
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Carrying the operator 
kD  within the integral and summation 

signs, this is easily justified. We get 
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It thus follows that for every m, the summation is a member 

of E and it converges in E to the integral on the right hand 

side of (3.1). 

Hence the proof. 
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Lemma 2:- 

For ,)( Ex  set )(y  as in Lemma 1 above for 

y C ,  is restricted to a compact subset of R then, 
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C - function of    and 

E , we can repeatedly differentiate under the 

integral sign in (3.2) and the integrals are uniformly 

convergent. We have  
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Proof of inversion Theorem: 

Let   Ex  . We shall show that 
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  From the analyticity of   yH  on C and the fact that 

 x  has a compact support in R, it follows that the left 

side expression in (3.3) is merely a repeated integral with 

respect to x and y and the integral in (3.3) is a continuous 

function of x as the closed bounded domain of the 

integration. 

Therefore we write (3.3) as, 
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Since  x  is of compact support, and the integrand is 

a continuous function of   yx,  the order of integration 

may be changed. The change in the order of integration 

is justified, where      dxyxKxy 
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Again by lemma 2, R.H.S. of equation (3.4) converges to 

    rasf  , . 

This completes the proof of the theorem. 

 

4.  Uniqueness theorem 

If     )( )( yHyxfH   and 

    )( )( yGyxgH   for 
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if    yGyH    , 

then  f = g in the sense of equality in E . 

 

Proof:  

By inversion theorem 
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= 0, as  yGyH  )( , thus f = g in E , 

this proves uniqueness. 

 

5. CONCLUSION 

We have given the inversion theorem for the generalized 

fractional Hankel transform with two lemmas. Uniqueness 

theorem is also given. Using inversion theorem, we can derive 
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operational calculus which will be applicable to solve partial 

differential equations with boundary value problem. 
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